Background {#Sec1}
==========

Clustering is one of classic problems in pattern recognition, image processing, machine learning and statistics (Xu and Wunsch [@CR21]; Jain [@CR12]; Berkhin [@CR5]). Its aim is to partition a collection of patterns into disjoint clusters, such that patterns in the same cluster are similar, however patterns belonging to two different clusters are dissimilar.

One of the most popular clustering method is *k*-means algorithm, where clusters are identified by minimizing the clustering error. Despite its popularity, the *k*-means algorithm is sensitive to the choice of initial starting conditions (Celebi et al. [@CR8]; Peña et al. [@CR17]; Celebi and Kingravi [@CR6], [@CR7]). To deal with this problem, the global *k*-means algorithm has been proposed (Likas et al. [@CR14]), and then some of its modifications (Bagirov [@CR2]; Bagirov et al. [@CR3]) are proposed. Even an extension to kernel space has been developed (Tzortzis and Likas [@CR20], [@CR18]). A fuzzy clustering version is also available (Zang et al. [@CR22]). All of these are incremental approaches that start from one cluster and at each step a new cluster is deterministically added to the solution according to an appropriate criterion. Using this method also can learn the number of data clusters (Kalogeratos and Likas [@CR13]). Although the global k-means algorithm is deterministic and often performs well, but sometimes the new cluster center may be a outlier, then it may arise that some of the clusters just have single point, the result is awful. Another way to avoid the choice of initial starting conditions is to use the multi restarting *k*-means algorithm (Murty et al. [@CR15]; Arthur and Vassilvitskii [@CR1]; Banerjee and Ghosh [@CR4]). A new version of this method is the MinMax *k*-means clustering algorithm (Tzortzis and Likas [@CR19]), which starts from a randomly picked set of cluster centers and tries to minimize the maximum intra-cluster error. Its application (Eslamnezhad and Varjani [@CR9]) shows that the algorithm is efficient in intrusion detection.

In this paper, a new version of modified global *k*-means algorithms is proposed in order to avoid the singleton clusters. In addition, the initial positions chosen by the global *k*-means algorithms sometimes are bad, after a bad initialization, poor local optimal can be easily obtained by *k*-means algorithm. Therefore we employ the MinMax *k*-means clustering error method instead of *k*-means clustering error in global *k*-means algorithm to tackle this problem, obtain a deterministic algorithm called the global Minmax *k*-means algorithm. We do loads of experiments on different data sets, the results show that our proposed algorithm is better than other algorithms which referred in the paper.

The rest of paper is organized as follows. We briefly describe the *k*-means, the global *k*-means and the MinMax *k*-means algorithms in "[Preliminaries](#Sec2){ref-type="sec"}" section. In "[The proposed algorithm](#Sec6){ref-type="sec"}" section we proposed our algorithms. Experimental evaluation is presented in "[Experiment evaluation](#Sec9){ref-type="sec"}" section. Finally "[Conclusions](#Sec13){ref-type="sec"}" section conclude our work.

Preliminaries {#Sec2}
=============

*k*-Means algorithm {#Sec3}
-------------------
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The *k*-means algorithm finds locally optimal solutions with respect to the clustering error. The main disadvantage of the method is its sensitivity to initial position of the cluster center.

The global *k*-means algorithm {#Sec4}
------------------------------

To deal with the initialization problem, the global *k*-means has been proposed, which is an incremental deterministic algorithm that employs *k*-means as a local search procedure. This algorithm obtains optimal or near-optimal solutions in terms of clustering error.
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                \begin{document}$$x_n(n=1,2,\ldots ,N)$$\end{document}$. The solution with the lowest cluster error is kept as the solution of the 2-clustering problem. In general, let $\documentclass[12pt]{minimal}
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                \begin{document}$$n\hbox {th}$$\end{document}$ run, and keep the solution resulting in the lowest clustering error. By proceeding in the above fashion they finally obtain a solution with *M* clusters and also found solutions for all *k*-clustering problems with $\documentclass[12pt]{minimal}
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This version of the algorithm is not applicable for clustering on middle sized and large data sets. Two modifications were proposed to reduce the complexity (Likas et al. [@CR14]), and we interest in the first procedure. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} b_n=\sum \limits _{i=1}^{N}\max \left( d_{k-1}^j-\Vert x_n-x_j\Vert ^2,0\right) , \end{aligned}$$\end{document}$$
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                \begin{document}$$b_n=i$$\end{document}$. This data point is selected as a starting point for the *k*th cluster center.

The MinMax *k*-means algorithm {#Sec5}
------------------------------

As we known, in the *k*-means algorithm, we minimize the clustering error. Instead of this method, the MinMax *k*-means algorithm minimizes the maximum intra-cluster error$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_k,I(x)$$\end{document}$ are defined as ([1](#Equ1){ref-type=""}).

Since directly minimizing the maximum intra-cluster variance $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{array}{ll} E_w=\sum \limits _{k=1}^{M} w_k^p\sum \limits _{i=1}^{N}I\left( x_i\in C_k\right) \Vert x_i-m_k\Vert ^2,\\ w_k\ge 0,\sum \limits _{k=1}^{M}w_k=1, \quad 0\le p\le 1. \end{array} \end{aligned}$$\end{document}$$where the *p* exponent is a constant. The greater(smaller) the *p* value is, the less(more) similar the weight values become, as relative differences of the variances among the clusters are enhanced(suppressed).

Now, all clusters contribute to the objective, according to different degrees regulated by the $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} w_k=v_k^{1\diagup (1-p)}\Big /\sum \limits _{k'=1}^{M} v_{k'}^{1\diagup (1-p)}, \quad {\text {where}}\, v_k=\sum \limits _{i=1}^{N}I(x_i\in C_k)\Vert x_i-m_k\Vert ^2. \end{aligned}$$\end{document}$$

To enhance the stability of the MinMax *k*-means algorithm, a memory effect could be added to the weights:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} w_k^{(t)}=\beta w_k^{t-1}+(1-\beta )\left( v_k^{1\diagup (1-p)}\Big / \sum \limits _{k'=1}^{M} v_{k'}^{1\diagup (1-p)}\right) ,\quad 0\le \beta \le 1. \end{aligned}$$\end{document}$$

The proposed algorithm {#Sec6}
======================

The modified global *k*-means algorithm {#Sec7}
---------------------------------------

As we known, the global *k*-means algorithm may obtain singleton clusters if the initial centers are outliers. To avoid this, we propose the Modified global *k*-means algorithm.

Algorithm 1: The Modified global *k*-means Algorithm 1.

Step 1 (Initialization) Compute the centroid $\documentclass[12pt]{minimal}
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                \begin{document}$$x_i$$\end{document}$ of *X* as a starting point for the *k*th cluster center, thus obtain *N* initial solutions with *k* points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(m_1,m_2,\ldots ,m_{k-1},x_i)$$\end{document}$;

Step 4 Apply the *k*-means algorithm to each of them; keep the best *k*-partition obtained and its centers $\documentclass[12pt]{minimal}
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Step 5 (Detect the singleton clusters) If the obtained clusters exist singleton cluster, then delete the point $\documentclass[12pt]{minimal}
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                \begin{document}$$m_i=y_i,\,i=1,2,\ldots ,k\,$$\end{document}$ and go to step2.

Due to high computational cost of the global *k*-means algorithm, we propose the fast algorithm. It is based on the idea as the fast global *k*-means variant proposed in Peña et al. ([@CR17]).

Algorithm 2: The Modified global *k*-means Algorithm 2.

The steps 1, 2, 6 are same to the Algorithm 1.

Steps 3, 4, 5 is modified as follows:
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Step 4′ Apply the *k*-means algorithm to the best solution; keep the best *k*-partition obtained and its centers $\documentclass[12pt]{minimal}
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                \begin{document}$$y_1,y_2,\ldots ,y_k$$\end{document}$;

Step 5′ (Detect the singleton clusters) If the obtained clusters exist singleton cluster $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_i$$\end{document}$, then let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_i=0$$\end{document}$, and go to step 3, else go to step 6;

In our numerical experiments we use Algorithm 2.

Our proposed algorithm based on realistic data set. The data set includes 41 students scores, and each student has 11 subjects grades. When we use the global *k*-means algorithm to cluster students according to their scores of subjects, the output is bad. The comparisons between the global *k*-means algorithm and the modified global *k*-means algorithm in Table [1](#Tab1){ref-type="table"}.Table 1Comparative resultsMethodClusters$\documentclass[12pt]{minimal}
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Table [1](#Tab1){ref-type="table"} shows when we partition the data for four clusters, there are two clusters just include one element in the global *k*-means algorithm, i.e. there are two singleton clusters in the global *k*-means algorithm. We also find that the $\documentclass[12pt]{minimal}
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                \begin{document}$$E_{sum}$$\end{document}$ of modified global *k*-means is more lower than that of global *k*-means.

The global Minmax *k*-means algorithm {#Sec8}
-------------------------------------

The global *k*-means algorithm is a deterministic global search procedure from suitable initial positions, but the initial positions sometimes are poor. An example is illustrated in Fig. [1](#Fig1){ref-type="fig"}. The MinMax *k*-means algorithm was verified effective and robust over bad initializations (Murty et al. [@CR15]), but its not deterministic, it needs multiple restarts. So we combine the global *k*-means algorithm and the MinMax *k*-means algorithm, i.e. we apply MinMax *k*-means clustering error method to the global *k*-means algorithm, then we get a deterministic algorithm called the global Minmax *k*-means algorithm.Fig. 1Example **a** is the initial point for $\documentclass[12pt]{minimal}
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                \begin{document}$$k=2$$\end{document}$ using the global algorithm, and it's clear that it is a bad initial point. Example **b** shows a better initial point

The global Minmax *k*-means algorithm is an incremental approach to clustering that dynamically adds one cluster center at a time through a deterministic global search procedure from suitable positions like the global *k*-means algorithm, and this procedure was introduced in preliminaries. After choose the initial center, we employ the MinMax *k*-means method to minimize the maximum intra-cluster variances. The MinMax *k*-means algorithm was described in preliminaries. The whole method of the proposed algorithm is illustrated as Algorithm 3.

Algorithm 3: The global Minmax *k*-means algorithm.

Step 1 (Initialization) Compute the centroid $\documentclass[12pt]{minimal}
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Step 4 Apply the MinMax *k*-means algorithm to each of them; keep the best *k*-partition obtained and its centers $\documentclass[12pt]{minimal}
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Step 5 (Detect the singleton clusters) If the obtained clusters exist singleton cluster, then the candidate initial center delete the point $\documentclass[12pt]{minimal}
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Experiment evaluation {#Sec9}
=====================

In the following subsections we provide extensive experimental results comparing the global Minmax *k*-means algorithm with *k*-means algorithm, the global *k*-means algorithm and the Minmax *k*-means algorithm. In the experiments, the results of *k*-means algorithm and the MinMax *k*-means algorithm are the average of $\documentclass[12pt]{minimal}
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Synthetic data sets {#Sec10}
-------------------

Four typical synthetic data sets $\documentclass[12pt]{minimal}
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Real-world data sets {#Sec11}
--------------------

Coil-20 is a data set (Nene et al. [@CR16]), which contains 72 images taken from different angels for each of the 20 included objects. We used three subsets Coil15, Coil8, Coil19, with images from 15, 18 and 19 objects, respectively, as the data set in Tzortzis and Likas ([@CR19]). The data set includes 216 instances and each of the data has 1000 features.

Iris(UCI) (Frank and Asuncion [@CR11]) is a famous data set which created by R.A. Fisher. There are 150 instances and 50 in each of three classes. Each data has four predictive attributes.

Seeds(UCI) (Frank and Asuncion [@CR11]) is composed of 210 records that extract from three different varieties of wheat. The number of each grain is equal and each grain is described by seven features.

Yeast(UCI) (Frank and Asuncion [@CR11]) includes 1484 instances about the cellular localization sites of proteins and eight attributes. Proteins belong to ten categories. Five of the classes are extremely under represented and are not considered in our evaluation. The data set is unbalanced.

Pendigits(UCI) (Frank and Asuncion [@CR11]) includes 10,992 instances of handwritten digits (0--9) from the UCI repository (Eslamnezhad and Varjani [@CR9]), and 16 attributes. The data set is almost balanced.

User Knowledge Modeling (UCI) (Frank and Asuncion [@CR11]) is about the students' knowledge status about the subject of Electrical DC Machines. User Knowledge Modeling includes 403 instances with 6-dimensional space. The data set is unbalanced. The students are assessed four levels.

In the experiment, the sample data of Iris, Seeds and Pendigits data set will be normalized using z-score method firstly and the algorithm will be implemented on the normalized data.

A summary of the data sets is provided in Table [4](#Tab4){ref-type="table"}.

Performance analysis {#Sec12}
--------------------

The comparison of the algorithms across the various data sets is shown in Tables [2](#Tab2){ref-type="table"}, [3](#Tab3){ref-type="table"}, [4](#Tab4){ref-type="table"}, [5](#Tab5){ref-type="table"}, [6](#Tab6){ref-type="table"}, [7](#Tab7){ref-type="table"}, [8](#Tab8){ref-type="table"}, [9](#Tab9){ref-type="table"}, [10](#Tab10){ref-type="table"}, [11](#Tab11){ref-type="table"} and [12](#Tab12){ref-type="table"}, except Table [6](#Tab6){ref-type="table"}. In Tables [2](#Tab2){ref-type="table"}, [3](#Tab3){ref-type="table"}, [4](#Tab4){ref-type="table"}, [5](#Tab5){ref-type="table"}, [6](#Tab6){ref-type="table"}, [7](#Tab7){ref-type="table"}, [8](#Tab8){ref-type="table"}, [9](#Tab9){ref-type="table"}, [10](#Tab10){ref-type="table"}, [11](#Tab11){ref-type="table"} and [12](#Tab12){ref-type="table"}, first, we find that the global Minmax *k*-means algorithm attains better $\documentclass[12pt]{minimal}
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In the experiment, we find the memory parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$ and exponent parameter *p* affect the results in the MinMax *k*-means and the global Minmax *k*-means algorithm, and the variation does not have any rule. The practical framework that extends the MinMax *k*-means to automatically adapt the exponent to the data set proposed in Tzortzis and Likas ([@CR19]). They thought if the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{max}$$\end{document}$ has been set, the programme can reach the lowest $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{max}$$\end{document}$ at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\in [p_{init},p_{max}]$$\end{document}$. However, our experiments show that it is not always correct. In Tables [10](#Tab10){ref-type="table"} and [11](#Tab11){ref-type="table"}, when we set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{max}=0.3$$\end{document}$, the results is better than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{max}=0.5$$\end{document}$. In the experiment, it is easy to show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{max}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{sum}$$\end{document}$ can not attain the lowest value at a time.

Conclusions {#Sec13}
===========

We modified the global *k*-means algorithm to circumvent the singleton clusters. We also have presented the global Minmax *k*-means algorithm, with constitutes a deterministic clustering method in terms of the MinMax *k*-means clustering error i.e. minimize the maximum intra-cluster error. The method is independent of any starting conditions and compares favorably to the *k*-means algorithm and the MinMax *k*-means algorithm with multiple random restarts. We compare our method with the global *k*-means algorithm, too. The results of experiments show the advantage come together with the global *k*-means and the MinMax *k*-means algorithm i.e. we get a deterministic clustering method and need not any restart and our proposed algorithm always performs well.

As for future work, we plan to study in adapt method to determine the exponent parameter *p* and the memory parameter $\documentclass[12pt]{minimal}
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